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Abstract. We introduce a notion of quasi-stationary state (QSS) in the context of quan-
tum Markov semigroups that generalizes the one of quasi-stationary distribution in the
case of classical Markov chains. We provide an operational interpretation of QSSs using
the theory of direct and indirect quantum measurements. Moreover, we prove that there
is a connection between QSSs and spectral properties of the quantum Markov semigroup.
Finally, we discuss some examples which, despite their simplicity, already show interesting
features.
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1. Introduction

Let us consider a Markov chain X := (Xt)t≥0 with state space indexed by
a denumerable set E; given any probability density ν on E, we denote by
Pν the law of the process when X0 is distributed according to ν and by Eν
the corresponding expected value. In order to keep the notation light, for
every state x ∈ E, we will use Px in place of Pδx . We are interested in
the situations when there exists a set of states A ⊂ E which is absorbing,
that means that the evolution hits A in finite time almost surely and, once
the process ends in A, it stays there forever. More precisely, if we define
T := inf{t ≥ 0 : Xt ∈ A}, we assume the following:

1. for every y ∈ A and t ≥ 0, Py(Xt ∈ A) = 1 (A is closed) and

2. for every x ∈ E, Px(T < +∞) = 1 (A is absorbing).

A natural object of study is the behaviour of the Markov chain before hitting
A and a key concept in this regard is the one of quasi-stationary distribution
(QSD): a probability density ν supported on AC := E \A is said to be quasi-
stationary if it satisfies the following condition: for every t ≥ 0 and for every
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x ∈ AC one has
Pν(Xt = x |T > t) = ν(x) . (1.1)

Condition in (1.1) states that ν is a stationary distribution when conditioning
on the fact that the process does not hit A.

There is a wide literature regarding the study of Markov processes condi-
tioned to ‘survive’ and QSDs (see [6] and references therein). A first funda-
mental property is that if ν is a QSD, then the survival probability Pν(T > t)
is equal to e−αt for some positive constant α; this provides a necessary condi-
tion for the existence of QSDs. A deeper result connects QSDs with spectral
properties of the semigroup corresponding to X, enabling to find simple cri-
teria to ensure the existence and uniqueness of QSDs.

The purpose of this note is to consider the corresponding problem for
quantum Markov semigroups (QMSs), which are among the most used math-
ematical models in the description of the evolution of open quantum systems.
Aside from a purely mathematical interest, this work has two further moti-
vations: closed and absorbing subspaces are central objects in the theoretical
foundation of engineering and control of quantum system (see for instance
[20] and [2]). Moreover, the connection between QSS and the spectrum of
the infinitesimal generator of the QMS provides a physical interpretation to
some of the elements in the spectrum of the generator. The latter, in itself,
has recently attracted some interest in the recent literature (see [9, 12, 19]
and the references therein).

The main results of the paper characterize QSSs in terms of repeated mea-
surements (Proposition 1) and eigenvectors corresponding to a real eigenvalue
of the infinitesimal generator (Theorem 2). In addition, Theorem 3 shows
existence and uniqueness of QSS, for finite dimensional systems, as an appli-
cation of the Perron-Frobenius theorem.

The structure of the paper is the following one: in Sect. 2 we set the
notation and introduce the basic concepts and results that are necessary in
order to understand the content of this paper. Section 3 is devoted to provide
a definition of quasi-stationary state (QSS) that generalizes the one of QSD
and to suggest a possible operational interpretation. In Sect. 4 we draw
the connection between QSS and spectral properties of the QMS. Finally, in
Sect. 5 we present some examples of the theory treated in this work.

2. Absorbing and Subharmonic Projections

We consider a quantum system described by a separable Hilbert space h and
we use L1(h) and B(h) to denote trace class and bounded linear operators
acting on h, respectively. A quantum Markov semigroup (QMS) is a collection
of bounded linear operators Tt : B(h) → B(h) indexed by time t ∈ [0,+∞)
such that
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1. for every t ≥ 0, Tt is normal and completely positive,

2. for every t ≥ 0, Tt is unital, i.e. Tt(1) = 1,

3. for every s, t ∈ [0,+∞), Tt+s = TtTs,
4. T0 = Id,

5. t 7→ Tt is pointwise w∗-continuous.

For the sake of simplicity, we choose to stick to B(h), however we point out
that the theory developed in this paper holds for QMSs acting on general W∗-
algebras. T := (Tt)t≥0 describes the evolution of the system in the Heisenberg
picture; the evolution of states corresponds to the collection of predual maps
Tt∗, which are uniquely determined by the following condition:

tr(xTt(y)) = tr(Tt∗(x)y) , x ∈ L1(h) , y ∈ B(h) .

T∗ is a strongly continuous semigroup of completely positive and trace pre-
serving maps. We denote by L and L∗ the infinitesimal generator of T and
T∗, respectively.

The corresponding notion of closed set of states in the noncommutative
framework is the support of a subharmonic projection [13].

DEFINITION 1 (Subharmonic projection) An orthogonal projection p0 is
said to be subharmonic for T if Tt(p0) ≥ p0 for every t ≥ 0.

One can easily see that Tt(p⊥0 ) ≤ p⊥0 and p⊥0 is called superharmonic. This
notion corresponds to the one of closed set of states for classical stochastic
process because p0 is subharmonic if and only if its range k has the following
property [14, Proposition II.1]: if a state ρ is supported in k, then Tt∗(ρ) is
supported in k as well for every t ≥ 0.

Moreover, the following holds true: for every x ∈ B(h) and for every
t ≥ 0, one has

Tt(p⊥0 xp⊥0 ) = p⊥0 Tt(p⊥0 xp⊥0 )p⊥0 .

Therefore, identifying p⊥0 B(h)p⊥0 and p⊥0 L
1(h)p⊥0 with B(k⊥) and L1(k⊥),

respectively (where k is the range of p0), one can see that the collection of

maps T̂t defined as

B(k⊥) 3 x 7−→ T̂t(x) := Tt(x) ∈ B(k⊥)

is a pointwise w∗-continuous semigroup of normal, completely positive, sub-
unital (i.e. T̂t(p⊥0 ) ≤ p⊥0 ) linear maps. Its predual is given by

L1(k⊥) 3 x 7−→ T̂t∗(x) := p⊥0 Tt∗(x)p⊥0 ∈ L1(k⊥) .

The last notion we need is the quantum counterpart of an absorbing or at-
tractive set of states.
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DEFINITION 2 (Absorbing projection) We say that a subharmonic projec-
tion p0 is absorbing if for every state ρ one has that

lim
t→+∞

tr(Tt∗(ρ)p0) = 1 .

One can show (see [3]) that the w∗-limit of the net Tt(p0) is well defined and
it is called the absorption operator corresponding to p0, which we will denote
by A(p0). The condition in Definition 2 can be rephrased as A(p0) = 1. One
can check that a projection is absorbing if and only if its range is globally
asymptotically stable in the sense of [20].

3. Definition and Operational Interpretation

The starting point for defining a quasi-stationary state (QSS) is the formula-
tion of (1.1) in terms of the Markov semigroup; we recall that the semigroup
corresponding to a Markov chain X = (Xt)t≥0 with state space E is defined
as

`∞(E) 3 f(x) 7−→ Tt(f)(x) := Ex[f(Xt)] ∈ `∞(E) ,

where `∞(E) := {f : E → E : supx∈E |f(x)| < +∞}. The predual semigroup
Tt∗ acts on densities `1(E) := {f : E → E :

∑
x∈E |f(x)| < +∞} and is

uniquely determined by the duality condition,∑
x∈E

f(x)Tt∗(g)(x) =
∑
x∈E
Tt(f)(x)g(x) , f ∈ `∞(E) , g ∈ `1(E) .

First of all, notice that

Pν(Xt = x|T > t) =
Pν(Xt = x, T > t)

Pν(T > t)
=

Pν(Xt = x)

Pν(T > t)
=

Tt∗(ν)(x)

Pν(T > t)
,

since x ∈ AC and, therefore, due to the fact that A is a closed set of states,
one has {Xt = x} ⊆ {T > t}. One can express Pν(T > t) as well in terms of
the semigroup,

Pν(T > t) =
∑
x∈AC

Pν(Xt = x) =
∑
x∈AC

Tt∗(ν)(x) = Tt∗(ν)(χAC ) .

We use χAC to denote the indicator function of AC and by Tt∗(ν)(χAC ) we
mean

∑
x∈E Tt∗(ν)(x)χAC (x). Using that (1.1) holds for every x ∈ AC and

putting together what we just observed, we can rephrase the definition of a
QSD as

Tt∗(ν) · χAC
Tt∗(ν)(χAC )

= ν , ∀ t ≥ 0 .

The last equation suggests the following generalization of the notion of QSD
to the noncommutative setting.
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Quasi-Stationary Normal States for Quantum Markov Semigroups

DEFINITION 3 (Quasi-stationary state) A state ν is said to be a quasi-
stationary state (QSS) for T with respect to the subharmonic projection
p0 if the following holds true:

p⊥0 Tt∗(ν)p⊥0
tr(Tt∗(ν)p⊥0 )

= ν , ∀ t ≥ 0 . (3.1)

Even in the quantum case we can intepret the LHS of (3.1) as a conditional
state: let us assume that the system is initially prepared in the state ρ, that
it evolves according to T∗ for a certain time t and then we measure the PVM
given by {p0, p

⊥
0 } which determines whether the system has reached the range

of p0 or not (we denote the outcomes by 0 and 1, respectively). Born rule
states that the result of the measurement is 0 with probability tr(Tt∗(ρ)p0)
and, in this case, the conditional state of the system is

p0Tt∗(ν)p0

tr(Tt∗(ν)p0)
;

on the other hand, the measurement outcome is 1 with probability tr(Tt∗(ρ)p⊥0 )
and, in this case, the conditional state of the system is

p⊥0 Tt∗(ν)p⊥0
tr(Tt∗(ν)p⊥0 )

,

which is exactly the LHS of (3.1).
We will now provide two equivalent definitions of QSSs in terms of re-

peated direct and continuous indirect measurements; before doing that, we
need to introduce the evolution of the system when we are able to detect in-
directly whether the system is in the range of p⊥0 . We will refer to [1, 7, 16, 18]
for the physical derivation of the evolution of the system state under indirect
measurements and we will include the rigorous definition of the mathematical
objects involved in Appendix A (an introduction of quantum counting pro-
cesses can also be found in [15, 17] and references therein). The conditional
state of the system is described by the stochastic process ρt: jumps caused by
indirect measurements occur according to a counting process with random
intensity given by tr(ρt−p

⊥
0 ). If a jump occurs at a certain time t, the state

undergoes the following transformation:

ρt− 7−→
p⊥0 ρt−p

⊥
0

tr
(
ρt−p

⊥
0

) .
In between jumps the state evolves deterministically according to the strongly
continuous contraction semigroup St∗ generated by

L0∗(ρ) := L∗(ρ) + J∗(ρ) , J∗(ρ) := −1

2
{p⊥0 , ρ} , (3.2)
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where {·, ·} is the anticommutator. J∗ is bounded, however L∗ is possibly
unbounded and so is L0∗; in any case D(L0∗) = D(L∗) and (3.2) makes sense
for ρ ∈ D(L∗). Let us denote by T1, . . . , Tn, . . . the random times at which
jumps occur (Tn is set to +∞ if less then n jumps are observed).

PROPOSITION 1 Let ν be a state. The following statements are equivalent:

1. For all t ≥ 0,

p⊥0 Tt∗(ν)p⊥0
tr(Tt∗(ν)p⊥0 )

= ν ,

2. For all n ∈ N, for all t1, . . . , tn ∈ [0,+∞)

p⊥0 Ttn∗(p⊥0 Ttn−1∗(· · · p⊥0 Tt1∗(ν)p⊥0 · · ·)p⊥0 )p⊥0
tr(Ttn∗(p⊥0 Ttn−1∗(· · · p⊥0 Tt1∗(ν)p⊥0 · · ·)p⊥0 )p⊥0 )

= ν ,

3. If the system is initially in the state ν, then

T1, T2 − T1, . . . , Tn+1 − Tn, . . .

are independent and identically distributed exponential random vari-
ables with parameter 1 + α; moreover, for every n ≥ 0, ρTn = ν.

The proof of Proposition 1 can be found in Appendix A.

4. Connection with Spectral Theory

In this section we will draw a connection between QSSs and spectral proper-
ties of T . We recall the following notations:

T̂t(x) := Tt(p⊥0 xp⊥0 ) , T̂t∗(y) := p⊥0 Tt∗(y)p⊥0 , x ∈ B(h) , y ∈ L1(h)

for t ≥ 0. We will denote by L̂ and L̂∗ their generators, respectively.

THEOREM 1 The following are equivalent:

1. ν is a QSS for T with respect to p0;

2. There exists α ≥ 0 such that T̂t∗(ν) = e−αtν;

3. ν ∈ D(L̂∗) and L̂∗(ν) = −αν for some α ≥ 0.

If p0 is absorbing, i.e., A(p0) = 1, then α > 0.
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The proof of Theorem 1 can be found in Appendix B. We will now restrict to
the case when h is finite dimensional. In this case, the semigroup is uniformly
continuous and the infinitesimal generator is a bounded operator. Moreover,
from basic spectral theory one has that the existence of ν satisfying item 3.
in Theorem 1 is equivalent to the existence of x ∈ B(h), x = x∗ such that
x = p⊥0 xp

⊥
0 and

3.′ L(x) = −αx for some α ≥ 0.

Moreover, the existence of such an x and some further properties are ensured
by quantum Perron-Frobenius theory. Let us first introduce the notion of
irreducible positive map ([11]).

DEFINITION 4 A positive map A : B(h)→ B(h) is said to be irreducible if
there is not any nontrivial projection p such that A(p) ≤ ap for some a ≥ 0.

A semigroup of positive maps (At)t≥0 is said to be irreducible if for every
t ≥ 0, At is irreducible.

One can show that if (At)t≥0 is a QMS acting on a finite dimensional Hilbert
space, the definition above of irreducibility coincide with having a unique
faithful invariant state [14, Theorem II.1]. If (At)t≥0 is a uniformly continu-
ous semigroup of completely positive maps, then its generator is of the form
B(x) = g∗x + xg +

∑
i∈I a

∗
ixai where

∑
i∈I a

∗
i ai converges in the strong op-

erator topology. An equivalent formulation of irreducibility can be given in
terms of g and jump operators ai’s: indeed, (At)t≥0 is irreducible if there are
not nontrivial invariant subspaces for g and ai’s (the proof follows the line of
[14, Theorem III.1] without all the difficulties due to the unboundedness of
the infinitesimal generator).

For readers’ convenience we report below the results from Perron-Frobenius
theory and, more in general, some well known results in the theory of pos-
itivity preserving maps acting on finite dimensional functional and matrix
spaces (C∗-algebras) that are of interest for this work. We refer to [11] for
the general case of C∗-algebras. We remark that the following Theorem holds
when h is finite dimensional.

THEOREM 2 (Perron-Frobenius theory) Let r be the spectral radius of Ψ.
The following statements hold true.

1. r ∈ Sp(Ψ) and there exists x ∈ B(h), x ≥ 0 such that Ψ(x) = rx.

If Ψ is irreducible, then one has some further results.

1. r is a geometrically simple eigenvalue;

2. x is strictly positive and is the unique positive eigenvector.

The following proposition is a consequence of what we have discussed so far.

2550011-7

O
pe

n 
Sy

st
. I

nf
. D

yn
. 2

02
5.

32
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 S

E
O

U
L

 N
A

T
IO

N
A

L
 U

N
IV

E
R

SI
T

Y
 o

n 
11

/2
5/

25
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



A. Dhahri, F. Fagnola, F. Girotti, and H. J. Yoo

THEOREM 3 Let h be finite dimensional. For every subharmonic projection
p0, there exists a QSS ν for T with respect to p0. Moreover, if T̂ is irreducible,
then ν is unique.

We remark that the spectral radius of the restriction of the semigroup given
by a superharmonic projection has already appeared in connection with large
deviations of the position process in homogeneous open quantum random
walks (see [4, Proposition 5.5]) and in the nested phase decomposition in [5].

5. Two-Qubit Examples

Each quasi-stationary distribution of a finite state continuous time Markov
chain can also be seen as a quasi-stationary state for a quantum Markov
semigroup. In this section we present an illustrative example in which the
set of QSS is genuinely noncommutative because it also contains densities
that do not commute with each other.

Let h = C2 ⊗ C2 be the two-qubit Hilbert space. Denote the canoni-
cal basis of C2 by {|0〉, |1〉} with |0〉 = [1, 0]T , |1〉 = [0, 1]T . Consider the
operators

σ−1 = |0〉〈1| ⊗ 1, σ−2 = 1⊗ |0〉〈1|, σ+
i = (σ−i )∗, i = 1, 2 .

We introduce the Hamiltonian H := ω(σ+
1 σ
−
2 +σ−1 σ

+
2 )/2 with ω nonzero con-

stant and we use the usual notation [ · , · ], { · , · } for denoting the commutator
and anticommutator, respectively. In the sequel, we write the vector |i〉⊗|j〉 ∈
h, i, j ∈ {0, 1}, by |ij〉 for simplicity. Denote b = {|00〉, |01〉, |10〉, |11〉} a basis
of h.

5.1. Decay on one site only

Define a GKLS generator L on B(h) by

L(x) = i[H,x]− 1

2

(
{σ+

1 σ
−
1 , x} − 2σ+

1 (x)σ−1
)
. (5.1)

One immediately checks that |00〉〈00| is an invariant density, so the projection
p0 = |00〉〈00| is subharmonic [14, Theorem II.1] and we look for QSS with
respect to p0.

PROPOSITION 2 In the basis b, QSSs for the two-qubit system with respect
to p0 are the following:

1. if |ω| ≥ 1/2,

ν =


0 0 0 0
0 1/2 x+ i(4ω)−1 0
0 x− i(4ω)−1 1/2 0
0 0 0 0

 , x ∈ R, |x|2 ≤ 4ω2 − 1

16ω2
,
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Quasi-Stationary Normal States for Quantum Markov Semigroups

corresponding to the eigenvalue α = 1/2;

2. if |ω| ≤ 1/2,

ν+ =


0 0 0 0
0 α− iω 0
0 −iω α+ 0
0 0 0 0

 , ν− =


0 0 0 0
0 α+ iω 0
0 −iω α− 0
0 0 0 0

 ,
corresponding to the eigenvalues

α+ =
1

2

(
1 +

√
1− 4ω2

)
, α− =

1

2

(
1−

√
1− 4ω2

)
,

respectively.

ν± are the only QSSs with extremal supports in the case |ω| ≤ 1/2, while for
|ω| > 1/2, the elements with extremal supports are the QSSs corresponding to

the choices x = ±
√

(4ω2 − 1)/(16ω2) (which we will call ν± as well). Notice
that ν± are pure states, but they do not have orthogonal support in general:
conversely to the set of stationary states of QMSs, for QSSs in general one
cannot decompose the smallest subspace containing all the supports of QSSs
into orthogonal supports of QSSs with minimal support.

A possible interpretation of the above result is the following. If ω is big
enough, then the rotation determined by the Hamiltonian term i[H, ·] of the
GKLS generator is fast and the system has many possible QSSs but all with
probability of observing it in |01〉 or |10〉 equal to 1/2. As ω decreases and
crosses the threshold 1/2, the QSS are reduced to only two pure states with
different probabilities of observing the system in |01〉 or |10〉. Clearly, the
system undergoes a bifurcation as ω crosses the value 1/2.

5.2. Decay on both sites

Define a GKLS generator L on B(h) by

L(x1 ⊗ x2) = i[H,x1 ⊗ x2] (5.2)

− 1

2

2∑
l=1

(
{σ+

l σ
−
l , x1 ⊗ x2} − 2σ+

l (x1 ⊗ x2)σ−l
)
.

The difference from the previous example is that in this model there is a
jump operator acting on the second qubit as well.
|00〉〈00| remains an invariant density for the modified model, so the pro-

jection p0 = |00〉〈00| is subharmonic and we look for QSS with respect to
p0.
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PROPOSITION 3 In the basis b, the only QSS ν for the two-qubit system
with respect to p0 is given by

ν =
1

2
(|01〉〈01|+ |10〉〈10|)

with eigenvalue α = 1.

The proof of Propositions 2 and 3 can be found in Appendix C.

6. Conclusion and Outlook

In this paper we defined a generalization of the notion of quasi-stationary
states for quantum Markov semigroups, we provided an operational inter-
pretation and we proved some first properties connecting the notion of QSS
with the spectrum of the semigroup and about the existence and uniqueness
of a QSS for finite dimensional QMSs. Natural lines for further investigations
are, for instance, understanding the situation in which the model admits more
than one QSSs and what class of eigenvalues (in the case of finite dimensional
systems) of the infinitesimal generator correspond to QSSs.

QSSs can also be interpreted as states where a system can remain for
some, possibly long, time, before moving to a different, stable state. In this
sense, they can be thought of as metastable states. The relationship with
metastability could also be investigated.
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Appendix A

In this section, we will provide the proof of Proposition 1 and a rigorous defi-
nition for the objects involved in the evolution of the system state conditional
to the output of indirect measurements.

Definition of the conditional state process

First of all, let us consider (L0∗, D(L0∗)) as defined in (3.2) and

L̃∗(·) = L∗(·) +D[p⊥0 ](·) = L0∗(·) + p⊥0 · p⊥0 , D(L̃∗) = D(L∗) ,
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Quasi-Stationary Normal States for Quantum Markov Semigroups

where D[p⊥0 ](ρ) = −1
2(p⊥0 ρ− 2p⊥0 ρp

⊥
0 + ρp⊥0 ).

Notice that, using the theory of bounded perturbation (see [10, Theorem
1.3 in Chapter III] and Lumer-Phillips Theorem in [10, Theorem 3.15, Chap-

ter II]), one can easily see that (L0∗, D(L0∗)) and (L̃∗, D(L̃∗)) both generate
a strongly continuous semigroup of contractions, which we will denote by S∗
and S̃∗, respectively.

Moreover, using the product formula in [8, Theorem 3.30], one can see
that the semigroups are also completely positive and that the one correspond-
ing to L̃∗ is also trace preserving.

We will now define the stochastic process ρt. For S > 0, let us define

ΩS =
⋃
n≥0

Ωn
S ,

where Ω0 = {Ø} and

Ωn
S := {(t1, . . . , tn) ∈ [0, S]n : t1 ≤ t2 . . . ≤ tn} .

We can endow Ωn
S with the σ-field inherited from [0, S]n (considered with

the Lebesgue σ-field) and consider the disjoint union sigma-field on ΩS . We
will denote by µ the measure which is equal to 1 on Ω0

S and coincide with
the restriction of the Lebesgue measure on ΩN

S for n ≥ 1. Let us define the
following random variables: for every t ≤ S

Nt(Ø) = 0 , Nt((t1, . . . , tn)) =
n∑
i=1

χ[0,t](ti)

and

ρt(Ø) = St∗(ρ) ,

ρt((t1, . . . , tn)) = S(t−tNt )∗(p
⊥
0 · · · S(t2−t1)∗(p

⊥
0 St1∗(ρ)p⊥0 ) · · · p⊥0 ) .

The last ingredient is the following probability measure: given any initial
state ρ, we define

dPρ,S
dµ

(ω) = tr(ρS(ω)) , ω ∈ ΩS .

From the properties of S and its explicit expression, one can easily check that
dPρ,S
dµ ≥ 0. Notice that L̃∗(·) = L0∗( · ) + p⊥0 · p⊥0 , therefore Theorem 1.10 in

[10] allows one to write

Pρ,S(ΩS) = tr(SS∗(ρ))

+
∑
k≥1

∫
0≤t1≤···≤tk≤S

tr(S(t−tk)∗(p
⊥
0 · · · p⊥0 St1∗(ρ)p⊥0 · · · p⊥0 ))dt1 . . . dtk

= tr(S̃S∗(ρ)) = 1 .
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Moroever, with the same series expansion and using that S̃ is trace preserving,
one can see that the family of probability measures corresponding to different
values of S are compatible and, hence, we can use Kolmogorov extension
theorem to remove the finite time horizon.

Proof of Proposition 1

2. ⇒ 1. is trivial, while the reverse implication follows easily from the fact
that for every state ρ, one has

p⊥0 Tt∗(p⊥0 ρp⊥0 )p⊥0 = p⊥0 Tt∗(ρ)p⊥0 .

2.⇒ 3. Notice that for every t ≥ 0, one has

p⊥0 St∗(ν)p⊥0
tr(St∗(ν)p⊥0 )

= ν . (A.1)

Indeed, using Theorem 1.10 in [10] one has that

St∗ = Tt∗ +
∑
k≥1

∫
0≤t1≤···≤tk≤t

T(t−tk)∗J∗ · · · J∗Tt1∗dt1 . . . dtk .

Therefore, since p⊥0 Tt∗(p⊥0 ρp⊥0 )p⊥0 = p⊥0 (Tt∗ρ)p⊥0 and p⊥0 J∗(ρ)p⊥0 = −p⊥0 ρp⊥0 ,
one has that

p⊥0 St∗(ν)p⊥0 = p⊥0 Tt∗(ν)p⊥0 (A.2)

+
∑
k≥1

(−1)k
∫

0≤t1≤···≤tk≤t
p⊥0 T(t−tk)∗(p

⊥
0 · · · p⊥0 Tt1∗(ν)p⊥0 · · · p⊥0 )dt1 . . . dtk.

and (A.1) follows from item 2. Therefore, by induction and using that

ρTn+1 =
p⊥0 S(Tn+1−Tn)∗(ρTn)p⊥0

tr(S(Tn+1−Tn)∗(ρTn)p⊥0 )
,

one has that
ρTn · χTn<∞ = ν · χTn<+∞ ,

where T0 = 0.
Therefore, {Tn+1−Tn}n≥0 are all independent and identically distributed

random variables with survival function given by

tr(St∗(ν)p⊥0 ) = tr(Tt∗(ν)p⊥0 )

+
∑
k≥1

(−1)k
∫

0≤t1≤···≤tk≤t
tr(T(t−tk)∗(p

⊥
0 · · · p⊥0 Tt1∗(ν)p⊥0 · · · p⊥0 ))dt1 . . . dtk

= e−αt
(

1 +
∑
k≥1

(−t)k

k!

)
= e−(1+α)t,
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Quasi-Stationary Normal States for Quantum Markov Semigroups

where we used (A.2). We recall that e−αt = tr(Tt∗(ν)p⊥0 ). In particular, we
get that Tn is almost surely finite for every n ≥ 0.

3.⇒ 1. It follows easily from the fact that the range of T1 is equal to [0,+∞].

Appendix B

Proof of Theorem 1

One can immediately see that 2. and 3. are equivalent.
Moreover, 1. can be easily seen to be a direct implication of 2. The

only nontrivial implication is 1. ⇒ 2.: let us introduce the notation f(t) :=
tr(Tt∗(ν)p⊥0 ); the continuity property of the semigroup implies that f is con-
tinuous. Moreover, using the semigroup property together with the definition
of QSS, one has that for every t, s ≥ 0

tr(T(t+s)∗(ν)p⊥0 )ν = T(t+s)∗(ν) = Tt∗(Ts∗(ν)) = tr(Ts∗(ν)p⊥0 )Tt∗(ν)

= tr(Ts∗(ν)p⊥0 )tr(Tt∗(ν)p⊥0 )ν .

Therefore, f(t+s) = f(t)f(s) for every t, s ≥ 0 and, calling α := − log(f(1)),
by standard arguments one can deduce that f(t) = e−αt for rational t’s and
extend to all times by continuity.

If p0 is absorbing, it means that

0 = tr(ν(1−A(p0))) = lim
t→+∞

tr(Tt∗(ν)p⊥0 ) = lim
t→+∞

e−αt ,

therefore α > 0.

Appendix C

Proof of Proposition 2

A state ν supported on p⊥0 has a form:

ν =


0 0 0 0
0 ν11 ν12 ν13

0 ν12 ν22 ν23

0 ν13 ν23 ν33

 . (C.1)

A direct computation shows that L∗(ν) is equal to
ν22 ν23 0 0

ν23 ν33 − ω Im ν12 −ν12
2 + iω(ν11−ν22)

2 −ν13+iων23
2

0 −ν12
2 −

iω(ν11−ν22)
2 −ν22 + ω Im ν12 −ν23 − iων13

2

0 −ν13−iων23
2 −ν23 + iων13

2 −ν33


2550011-13
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By Theorem 1, one finds QSS solving the system

ν33 − ω Im ν12 = −αν11

−ν12 + iω(ν11 − ν22) = −2αν12

−ν13 − iων23 = −2αν13

−ν22 + ω Im ν12 = −αν22

−2ν23 − iων13 = −2αν23

−ν33 = −αν33 .

A quick look at the above equations shows that, for α = 1, we get (fourth
equation) Imν12 = 0 whence ν33 = −ν11 (first equation) and so, by positivity,
ν33 = ν11 = 0 and ν12 = ν13 = ν23 = 0. However, the second equation implies
that 0 = ν11 = ν22 and we get that no state can be a QSS with rate α = 1.

In the other cases (α 6= 1) ν33 = 0, by positivity ν13 = ν23 = 0 and the
above system reduces to

−ω Im ν12 = −αν11

−ν12 + iω(ν11 − ν22) = −2αν12

−ν22 + ω Im ν12 = −αν22 .

If we set α = 1/2, the system becomes

−ω Im ν12 = −ν11/2

ω(ν11 − ν22) = 0

−ν22 + ω Im ν12 = −ν22/2 .

The second equation and the fact that ν is a state imply that ν11 = ν22 = 1/2
(where the last equality is due to normalization) and the first and third
equations become equal to ωIm ν12 = 1/4. Therefore, we find the family of
states

ν =


0 0 0 0
0 1/2 x+ i(4ω)−1 0
0 x− i(4ω)−1 1/2 0
0 0 0 0

 , |x|2 ≤ 4ω2 − 1

16ω2
,

which is nonempty if |ω| ≥ 1/2.
Let us now consider the cases when α 6= 1, 1/2. In this case the second

equation implies that ν12 =: ix is purely imaginary and we get

ωx = αν11

ω(ν11 − ν22) = (1− 2α)x

ωx = (1− α)ν22 .
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Using the first and last equations, together with the fact that ν is a state, we
obtain that ν11 = (1− α), ν22 = α, α > 1. Substituting in the first equation
and second equations, we obtain

x = α(1− α)ω−1

x = ω .

The solutions for α are real if and only if |ω| ≤ 1/2 and, in this case, are
exactly given by α±.

Proof of Proposition 3

A state ν supported on p⊥0 has a form

ν =


0 0 0 0
0 ν11 ν12 ν13

0 ν12 ν22 ν23

0 ν13 ν23 ν33

 . (C.2)

A direct computation shows that L∗(ν) is equal to
ν11 + ν22 ν23 ν13 0

ν23 (ν33 − ν11)− ω Im(ν12) −ν12 + i ω (ν11−ν22)
2 − 3ν13

2 − i ω ν232

ν13 −ν12 − i ω (ν11−ν22)
2 (ν33 − ν22) + ω Im(ν12) − 3ν23

2 − i ω ν132

0 − 3ν13
2 + i ω ν232 − 3ν23

2 + i ω ν132 −2ν33

 .
By Theorem 1, one finds QSS solving the system

(ν33 − ν11)− ω Im(ν12) = −αν11

−ν12 + iω (ν11 − ν22)/2 = −αν12

−3ν13 − iω ν23 = −2αν13

(ν33 − ν22) + ω Im(ν12) = −αν22

−3ν23 − iω ν13 = −2αν23

−2ν33 = −αν33 .

If α = 2, then the first and fourth equation become

(ν33 + ν11)− ω Im(ν12) = 0 , (ν33 + ν22) + ω Im(ν12) = 0 ,

and their sum leads to 2ν33 +ν11 +ν22 = 0 which is not an acceptable solution
for a QSS. Therefore, we assume α 6= 2 which implies ν33 = 0 and, in turn,
by positivity ν13 = ν23 = 0. The system becomes

−ν11 − ω Im(ν12) = −αν11

−2ν12 + iω (ν11 − ν22) = −2αν12

−ν22 + ω Im(ν12) = −αν22 .
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Now the sum of the first and third equations yields α = 1 and the system
can be rewritten as

−ν11 − ω Im(ν12) = −ν11

iω (ν11 − ν22) = 0

−ν22 + ω Im(ν12) = −ν22 ,

whence Imν12 = 0 and ν11 = ν22 = 1/2. It turns out that

ν =
1

2
(|01〉〈01|+ |10〉〈10|) .
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